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Abstract 

This paper presents a technique for constructing new chiral or regular polyhedra 
(or maps) from self-dual abstract chiral polytopes of rank 4. From improperly self¬ 
dual chiral polytopes we derive “Petrie-Coxeter-type” polyhedra (abstract chiral 
analogues of the classical Petrie-Coxeter polyhedra) and investigate their groups of 
automorphisms. 


1 Introduction 

The modern theory of regular polytopes and their geometric realizations in Euclidean 
spaces has been greatly influenced by the discovery of the Petrie-Coxeter polyhedra in 
and Coxeter’s regular skew polyhedra in E'^ (see Coxeter [Hj, Dress [Zj, Griinbaum nn, 
McMullen [T^llbj . and mini). Two of the Petrie-Coxeter polyhedra and all of Coxeter’s 
skew polyhedra inherit their symmetry properties directly from self-dual regular hgures, 
namely the cubical tessellation in E^, and the self-dual regular convex polytopes (the 
4-simplex {3,3,3} and 24-cell {3,4,3}) or the double p-gonal prisms (or {p,2,p}) in E^, 
respectively (see Section n. However, the symmetries of these hgures provide only one 
half of the symmetries of the polyhedra; the other half corresponds to the dualities (see 
[ 111120 ]). 

Coxeter credited Petrie with the original idea of admitting inhnite regular polyhedra 
in E^ with skew vertex-hgures. In particular, Petrie discovered two of the Petrie-Coxeter 
polyhedra, and then Coxeter found the third and carried out the corresponding enumera¬ 
tion in E"^. In jTU] and OBI. this enumeration is extended to hyperbolic 3-space where 
there are thirty-one regular skew polyhedra. 

The connection between self-dual polytopes and skew polyhedra was further investi¬ 
gated in [lO] in the context of abstract regular polytopes, where a construction of regular 
“Petrie-Coxeter-type” polyhedra from self-dual regular 4-polytopes is described. In this 
paper we extend these ideas to abstract chiral polytopes. We exploit the two different 
kinds of self-duality (proper and improper self-duality) for chiral polytopes and present 
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constructions of polyhedra, which are chiral or regular, depending on the kind of self¬ 
duality of the original chiral 4-polytope. From improperly self-dual chiral 4-polytopes we 
obtain chiral “Petrie-Coxeter-type” polyhedra (or maps), that is, abstract chiral analogues 
of the ordinary Petrie-Coxeter polyhedra. 

2 Regular and chiral polytopes 

In this section we briefly review some dehnitions and basic results from the theory of 
abstract polytopes. For details we refer to in|. 

A polytope of rank n, or an n-polytope, is a partially ordered set V with a strictly 
monotone rank function having range {—1, 0,..., n}. The elements of V with rank j are 
the j-faces of V. The faces of ranks 0, 1 or n — 1 are called vertices, edges or facets, 
respectively. There is a smallest face F_i (of rank —1) and a greatest face Fk (of rank 
n), and each flag (maximal chain) contains exactly n + 2 faces. Also, V is strongly flag- 
connected, that is, any two flags and 4/ of P can be joined by a sequence of flags 
$ = $ 0 , $ 1 ,..., <Fa; = 4/ such that each <Fi_i and <!>* are adjacent (they differ by just one 
face), and <I)n4/ C <I)j for each i. Furthermore, V has the following homogeneity property: 
whenever F < G, with rank(F) = j — 1 and rank(G') = j 1, then there are exactly 
two j-faces H with F < H < G. These conditions essentially say that V shares many 
combinatorial properties with classical polytopes. 

If 4) is a flag, then by we denote the unique flag adjacent to 4) and differing from 4> in 
the face of rank i. Note that (4>*)* = 4>. We extend our notation and write 
(4)*i’ - ’*'=-i)*''. For any two faces F and G with F < G, we call G/F := {H \ F < H < G} 
a section of P; if F is a vertex and G = Fn, then this is the vertex-figure of V at F. Note 
that G/F is an abstract polytope of rank equal to rank(G) — rank(F) — 1. 

The group of automorphisms (order preserving bijections) of V is denoted by F('P). If 
V admits an order reversing bijection, then V is said to be self-dual and any such bijection 
is called a duality of V. In this case the group of all automorphisms and dualities is called 
the extended group of V and is denoted by T(V). A polarity is an involutory duality. Note 
that, if 4> is any flag and 5 any duality, then ^^5 = (4)^)"'“-^“^ for j = 0,..., n — 1. 

A polytope V is regular if T{V) is transitive on the flags of V. The group of a regular 
polytope V is generated by involutions pt, i = 0,... ,n — 1, mapping a hxed, or base, flag 
4> to the adjacent flags 4)*. These generators satisfy (at least) the relations 

(piPjY'^ = e for z, j = 0,..., n - 1, (1) 

where pu = 1, pji = Pij =: pj+i if j = z -|- 1, and Pij = 2 otherwise. We then say that V is 
of type {pi,... ,Pn-i}- Furthermore, these generators satisfy the intersection condition, 

(pi I z e /) n (pi I z G J) = (pi I z G / n J) (J, J c {o, l,..., rz - l}). (2) 

Conversely, if F = (po,..., Pn-i) is a group whose generators satisfy relations (Hj) and 
condition (jH) (such groups are called C-groups), then there exists a regular polytope with 
T{V) = F. 
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We note that every self-dual regular polytope possesses a polarity mapping the base 
flag to itself (but reversing the order of its elements). 

A polytope V (of rank n > 3) is chiral if V is not regular, but if for some base flag 
<h = {F_i, Fo,..., Fn} there exist automorphisms cxi,..., an-i of V such that cxj hxes 
all faces in $ \ {Fj_i,Fj} and cyclically permutes consecutive f-faces of V in the section 
Fi+i/Fi_2 = {G I Fi_2 <G< of rank 2. We may choose Cj in such a way that 

<h(jj = for alH G {1 ,..., n — 1}, 


and hence 

for alH G { 1 ,..., n - 1 }. 

The automorphisms cti, ..., <Jn-i generate T(V) and satisfy (at least) the relations 

af* = e for 1 < f < n — 1 , 

((TjCTj+i ... (Tj)^ = e for 1 < f < j < n — 1 , 

where again {pi,... ,Pn-i} is the type of V. For general background on chiral polytopes 

see prn[T^ . 

Alternatively, chiral polytopes can be characterized as those polytopes whose auto¬ 
morphism groups have two flag orbits, with adjacent flags in distinct orbits (see HHum). 
Consequently, if a chiral polytope V is self-dual, it can be so in one of two ways. If a 

duality of V maps a flag to a flag (in reverse order) in the same orbit under T{V), then 

each duality must do so with each flag; in this case V is said to be properly self-dual. 
However, if a duality maps a flag to a flag in a different orbit under T{V), then again each 
duality must do so with each flag, and in this case V is said to be improperly self-dual. 

For a regular n-polytope V with group T(V) = {po, pi,..., Pn-i), dehne Uj := Pi-iPi for 
i = 1,..., n — 1. Then ui,..., an-i generate the {combinatorial) rotation subgroup F'*"(F) 
of F('P) (of index at most 2) and have properties similar to those of the distinguished 
generators for chiral polytopes. 

From now on we restrict our considerations to polytopes of rank n < 4. The generators 
(Tj of a chiral polytope V also satisfy an intersection condition^ which for n = 4 is 

(ai,a 2 ) n (^ 2 ,^ 3 ) = (ua), 

(ui) n ( 0 - 2 ) = {e} = (era) n ( 0 - 3 ), 


while for n = 3 we only have 


(ui) n (ua) = {e}. 


(5) 


Conversely, if F = (ui,..., cr„) is a group whose generators satisfy the relations Q and 
this intersection condition, namely ((3)) for n = 4 or © for n = 3, then there exists a 
chiral polytope V with T{V) = F or a regular polytope V with T^{V) = F. 
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3 Holes, zig-zags, and Petrie-polygons 

Each 3-polytope V gives rise to a map on a surface, which in the case of a chiral polytope 
must be orientable. A j-hole of V is an edge-path on the surface which leaves a vertex by 
the j-th edge from which it entered, always in the same sense (in some local orientation), 
keeping to the left (say). Similarly, a j-zigzag of V is an edge-path on the surface which 
leaves a vertex by the j-th edge from which it entered, alternating the sense. For example, 
the 1-holes are simply the 2-faces of V, and the 1-zigzags are precisely the Petrie polygons 
of V (see jS]). 

For a regular 3-polytope V, the length of a j-hole or j-zigzag is given by the period 
of PoPi{p 2 Piy~^ or po{piP 2 y in T(V), respectively (see jTTl pp. 196-197]); note here 
that PoPiiP2Piy~^ = e T+lv) (but Po(PiP2)^ e T+{V) only if T+{V) = T{V)). 

Similarly, for a chiral 3-polytope V, the length of a j-hole is the period of in T{V). 

If a regular 3-polytope of type {p, q} is completely determined by the lengths hj of its 
j-holes, for 2 < j < fc := [q/2\, and lengths rj of its j-zigzags, for 1 < j < fc := [q/2\, 
then we denote it by 

V = {p,q\h2,...,hk}ru...,r^, 

with the convention that any unnecessary hj or rj (that is, one not needed for the specih- 
cation) is replaced by a •, with those at the end of the sequence omitted. More generally, 
we say that a regular 3-polytope is of type {p,q\h 2 ,... ,hk}ri,...,rk if if® j-holes and j- 
zigzags have lengths hj or r^, respectively, with j as above; we also use this terminology 
for chiral 3-polytopes when applicable (that is, when only the h^’s are specihed). 

For chiral or regular 4-polytopes V we dehne two particular automorphisms 

-Kl := aiCTa and tir := cricr 3 "h 

Let Fq and Fi be the base vertex and base edge (of the base flag $), respectively. Then 
the orbits Fo{'Kl) and Fi{'Kl), respectively, are the vertex-set and edge-set of a polygon; 
its images under T(V) are called the left-handed Petrie polygons, or for short left-Petrie 
polygons, of V. Similarly, we obtain right-Petrie polygons from tir. Generally, for chiral 
polytopes, ttl and ttr have different orders, so the left- and right-Petrie polygons have 
different lengths. Left- and right-Petrie polygons were employed by Coxeter in j3] to 
construct chiral (or, in his terminology, twisted) 4-polytopes. For regular 4-polytopes, the 
elements til and tir are conjugate in T(V), so left- and right-Petrie polygons necessarily 
have the same lengths. 

4 Chiral maps from improperly self-dual chiral poly¬ 
topes 

From uni we know that with any self-dual regular 4-polytope V of type {p, q, p} is associ¬ 
ated a certain regular map of type {4, 2q\p} (with group r('P)), called the Petrie-Coxeter 
polyhedron ofV] its dual is of type {2q,A\p}. When V is the universal polytope {p,q,p} 
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(see [HI), we obtain (the universal) {4, 2g|p} (as well as its dual {2g, 4|j9}). For exam¬ 
ple, from the 4-simplex {3,3,3} and 24-cell {3,4,3} in Euclidean 4-space E'^ we derive 
Coxeter’s hnite skew polyhedra {4, 6 13} and {4, 8 13} in E"^ (see jS], and for figures of pro¬ 
jections into E^ see (201), while the regular tessellations {4, 3,4} and {5, 3, 5} of Euclidean 
or hyperbolic 3-space E^ or H^, respectively, yield the (classical) Petrie-Coxeter polyhe¬ 
dron {4, 6 14} in E^ and the hyperbolic skew polyhedron {4, 6|5} in (see Eiiiniiisi). 
The toroidal regular skew polyhedra {4,41 p} in E"^ are related in a similar fashion to the 
double p-gonal prism {p} x {p} (or {p,2,p} in §^). 

The construction of [12] employs the self-duality of V. Since V is regular, it has a 
(unique) polarity u that fixes the base flag and thus permutes (by conjugation) the gener¬ 
ators of T{V) = {po, ..., ps) according to ujptuj = ps-i, with i = 0,1, 2, 3. For the universal 
polytope {p,q,p}, this polarity corresponds to the symmetry of the underlying (string) 
Coxeter diagram. For an arbitrary (self-dual and regular) polytope V, the generators 
'ro,Ti,T 2 of the automorphism group F('P) of its Petrie-Coxeter polyhedron are obtained 
from a twisting operation (in the sense of [T71 Ch.8]) on F(T’), 

(Po,Pi,P2,P3,<^) ^ (po,<^,P2) =: ('To, T'l, r 2 ). (6) 

Alternatively we may view as a mixing operation (in the sense of Ha Ch.7]) on TiV). 

We now make use of the fact that the automorphism groups of chiral polytopes of rank 
greater than 3 are generated by involutions, and apply similar techniques to construct new 
“Petrie-Coxeter type” maps from self-dual chiral polytopes. In this Section we discuss 
improper self-duality. 

Henceforth, we assume that P is a chiral 4-polytope of type {p, g,^}, 4* its base 
flag, and cri,(T 2 ,cT 3 the distinguished generators of F('P) (with respect to 4>). Then these 
generators satisfy (at least) the following relations 

o\ = ol = ol = {oxOif = (cricr2a3)^ = (cr2a3)^ = 6. (7) 

Note that aia 2 , cri(j 2 a 3 , a 2 cr 3 is a set of involutory generators of F('P). 

Let P be improperly self-dual. Then there exists a duality 6 which exchanges the two 
flag orbits. In fact, by multiplying 6 with an automorphism of P (if need be), we may 
choose 6 so that $5 = <F°. Then, 

$05 = $ 0-35 = $3^ $3^ ^ ^ 

Bear in mind here that 6, being a duality, maps a j-face in a flag to the (3 — j)-face in 
the image flag. It follows that the distinguished duality 6 has period 4 and satishes the 
relations 


<52 

— CT1CT2CT3, 

aid 


a 26 

= (J1CT2CT1 ^ 

a^d 

= 


5 


in T{V) (see jT2l Theorem 3.5]). Moreover, it is easy to see that 5 hxes the basic involution 
c’'i 0 ' 20 ' 3 , that is, 5 “ViCT 2 cr 3(5 = CT 1 CT 2 CT 3 , while 

5 ^(Ji(J2(5 = 0 'i 0 ' 20 ‘ 3 CT]^ 

(5“Vicr2cr3crh^(5 = cr3'Vicr2a3, 

(5“V3'ViCT2Cr3(5 = CT 2 Cr 3 , ^ ^ 

6 ^(72(73(5 = 0'l0'2- 

Note that the action of 6 on the hve involutory generators 

0'iO'2, cricr2a3(j^ CTg ^cricr2a3, a2Cr3, cri(J2a3 


of r('P) can be illustrated by a Coxeter-type diagram on hve nodes such that 6 corresponds 
to a symmetry of the diagram (see Figure El below for an example of a diagram on three 
nodes). In particular, if the nodes are given by the vertices and the center of a square 
diagram, with the central node representing aia 20'3 and the vertices representing the 
other four generators (in the order in which they are listed), then the action of 6 on these 
generators corresponds to the 4-fold rotational symmetry of the diagram. 

We now consider the mixing operation 


(0-i0-2,crW20-3,cr20-3,<5) ^ (5,cria2(5 ^)=:{ki,K2) (10) 

on r('P), bearing in mind that the hrst three involutions on the left side generate T{V). 
Set A := (ki, ^ 2 ). Then A = T{V); in fact, we have 

cTi = (5 ^ct2(73 = 6 ~‘^a 2 <J 366 ~^ = 6~^aia2S~^ = 

CT2 = (72(c73(TiCT 2)^ = V2a35^CTiCT2 = (5(Ti(T2)^ = ((7i(T25“^)“^ = (11) 

CT 3 = (Ji(T 25 ^ = (TiCT 25 “^ = K2Ki^. 

Clearly, ki is of order 4, ^ 1^2 = 5 (Ti(T25 “^ is an involution, and is of order p. 

Furthermore, 

kI = (TiCT25“Vi(T 255^ = (Ti(T2CTi(T2Cr3CTh^5^ = 0-3(7^ Vi(T2CT3 = , (12) 

and hence = e. Moreover, K 2 has order 2g; in fact, ^ 2 , being a duality, has even order, 
and (7^^ = ^2 has order q. Hence, Ki, K 2 satisfy (at least) the following relations 

k\ = = (^ 1 ^ 2 )^ = (ki «^2 (13) 

These observations suggest that (^ 1 ,^ 2 ) could be the automorphism group of a chiral 
map. Indeed, this is true. 

Theorem 1 Let V he an improperly self-dual chiral i-polytope of type {p,q,p}, let F('P) 
be its extended group, and let A := (^ 1 ,^ 2 )? with Ki,K 2 ds in /OTP . Then A is the auto¬ 
morphism group of a chiral 3-polytope M. of type {4, 2q\p}, and A = T{V). 
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Proof. We need to verify the intersection condition (ki) fl (K2) = {e} for A. Suppose 
that 7 G (ki) n Then 7 = «;{ = 5 ^ for some j G { 0 , 1, 2 , 3}, and 7 = K2 = 
for some i with 0 < i < 2 g. It suffices to rule out the possibility that j = 2 ; then, by 
replacing 7 by 7^, we have also ruled out the cases j = 1,3, and hence must have j = 0 . 

Now suppose that j = 2 . Then = 7 = is an automorphism of P, and hence i is 
even, i = 2 k (say). But then (11211 implies that 

„ „ „ r2 (, 2\k fc 

(71(72(73 — 0 — [K 2 ) — (72 , 

and hence ai G ((72,(73), a contradiction to the intersection condition of r(P). Hence we 
cannot have j = 2 . 

We now know that A determines a chiral or regular map Ai. It remains to show that 
A4 cannot be regular. Suppose that Ai is regular. Then A = r+(Al). Let p denote the 
distinguished involutory generator of r(AI). Then conjugation in r(Ad) by p gives 

pKiP = PK 2 P = k\k2. 

Hence p 5 p = and by m and (HH) we have 

paip = pKi^K,2P = K 1 K 1 K 2 = ^1^2 = Ki^H2 = (7l, 

pa2P = pi^2^ p = = Kik\k^^ = 5{(Ji(J25~^Y5~^ = 5(7i(72(5“^(7i(725^ 

= 5^((5“Vi(725)5^CTi( 72(5^ = (5^((7i(72C73C7f^)(7i(72CT| = (72(7^, 

= pK,2K,i^P = kIi^2I^i = S'^aia2S~^S = 

Thus p determines an involutory group automorphism of r(P) that acts on the generators 
o'i,<J 2 ',o'^ as indicated. Now it follows from m Theorem 1] that V must be regular, 
contrary to our assumptions; in fact, p corresponds to conjugation by the distinguished 
involutory generator of r('P). Hence Ai must be chiral. This completes the proof. □ 

It is interesting to investigate the above construction in the context of regular poly¬ 
topes. Let P be a self-dual regular 4 -polytope, let po, pi, p2, ps be the distinguished gener¬ 
ators of r('P) with respect to some base flag <h, and let ai, (72, (73 be the corresponding dis¬ 
tinguished generators of the rotation subgroup T~^(V), that is, at := pi-ipi for i = 1 , 2, 3. 
As before, let 6 be the duality (of period 4 ) dehned by <I )(5 = 4 )°, and let Ki, ^2 be as in 
(fTn|l . Then the equations ((HI), Q and (ITT| carry over. Clearly, T{V) = (po, Pi, P2, Ps, ^)- 
Since V is regular, we also have a polarity oj that hxes $. Then S = ujpo (= psu). Once 
again, bear in mind here that dualities map a j-face in a flag to the (3 — j)-face in the 
image flag. Moreover, 

S ^pjd = poujpjuipo = PoPs-iPo, 
so 6 acts on the generators of r('P) as follows: 

5 ~^Po 6 = p3, 5 ~^pi 5 = p2, 5 ~^P 25 = poPiPo, = Po- 
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Define p := p^. (Recall that the supposed group automorphism of r(P) in the proof of 
Theorem [U was determined by conjugation with p^.) Then, using 5 = a;po, the generators 
of r(P) can be expressed in terms of Ki, ^ 2 , P as follows: 

Po = Pk{{= p5‘^), pl=pKiK2, P2 = PK 1 K 2 \ P3 = P- 

Now the mixing operation m can be rewritten in terms of the generators pi as follows: 

(Po, Pi, P 2 , P3, ^ (P3, P3^, Pi) = (p, pKi,pKiK 2 ). (14) 

(Recall here that, in the proof of Theorem ^ the element p acted on M. like the 0**^ 
distinguished generator.) Note that (p^i)^ = e, so the generators of the corresponding 
rotation subgroup are indeed ki,H 2 - Moreover, p^5 = a;, so the operation (HI is simply 
the dual version of (P) (obtained by conjugating the new generators with a;). 

We summarize our observations in 

Remark 1 LetV be a self-dual regular i-polytope of type {p,q,p}, letTiV) be its extended 
group, and let A := {^ 1 ,^ 2 ), with ni, H 2 as in /f77^) . Then A is the rotation subgroup of 
a regular 3-polytope M. of type {4,2g|p}, whose full automorphism group is T{V). In 
particular, M. is the regular map described in Hi and dehned by ©• 

We now give some examples of chiral maps that are associated with improperly self¬ 
dual locally toroidal chiral 4-polytopes. For notation we refer to Hni§ 2 ]- 

Example 1 The universal chiral 4-polytope V = {{4,4}(i 3 ), {4,4}(i 3 )} is improperly 
self-dual and has an automorphism group of order 2000 (see |T21 p.l32]). The induced 
chiral map M. of Theorem P with an automorphism group of order 4000, is of type 
{4, 8 14}. Eight quadrangular faces meet at each vertex of the map. The local structure 
is seen in Figure P where the 4-gonal holes of the map are highlighted (they are not 
faces of the map). In a sense, the set of quadrangular faces splits into blocks of 4, each 
associated with a hole and corresponding to the block of rectangular faces (in the mantle) 
of a 4-gonal prism; in the hgure, the central vertex is common to the four prisms that 
are associated with the four highlighted square-shaped holes. It should be noted that 
the valency of each vertex is 8 , but some edges in the figure are hidden. In addition we 
observe that the polytope V has no polarity and hence the group of the map M. cannot 
be generated by involutions. 

Example 2 The universal chiral 4-polytope V = {{ 6 , 3 }(i^ 2 ), {3, 6 }( 2 ,i)} is improperly 
self-dual and has an automorphism group of order 20160. The polytope has (at least) 
two quotients, with groups of orders 10080 and 5040 (in the latter case, isomorphic to the 
symmetric group Ry), which are also improperly self-dual chiral polytopes of type { 6 , 3, 6 } 
with toroidal facets { 6 , 3 }(i_ 2 ) and vertex-figures { 3 , 6 }( 2 ,i); both can be derived from V 
by identifying vertices separated by a certain number of steps along Petrie polygons. The 
polytope V and its two quotients have Petrie polygons of length 28, 14 and 7, respectively. 
Now all three polytopes possess a polarity (see m Theorem 3.4]), so their extended groups 


% 





Figure 1: A chiral map of type {4, 8 14} 


are generated by involutions. The automorphism groups of the three induced maps 
of type {4, 6 16}, are thus generated by involutions. The local structure of the maps, with 
hexagonal holes highlighted, can be seen in Figure 2; now the set of quadrangular faces 
splits into blocks of 6, each associated with a hole and corresponding to a 6-gonal prism. 





Figure 2: A chiral map of type {4, 6 16} 


It should be noted that, for improperly self-dual chiral 4-polytopes, the elements 
til = CTiCs and tir = = 5~^a'iai5 are conjugate in F(P) (since a^ai and aicxs 

are conjugate in F('P)) and the left- and right-handed Petrie polygons are thus of the 
same length. 
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5 Regular maps from properly self-dual chiral poly¬ 
topes 

As before, let "P be a chiral 4-polytope of type {p,q,p}, and let ai,a 2 ,o '3 be the distin¬ 
guished generators of T{V) defined with respect to a base flag <h. We now assume that V 
is properly self-dual. Then V admits a (unique) polarity ut which fixes <h, and 

ujaiuj = uja2UJ = (15) 

in r(P) (see [121 Theorem 3.1]). It follows that 


a;cTiCT2a; = CT2CT3, a;cTi(T2cr3a; = cTi(T2cr3, ( 16 ) 

so that (under conjugation) uj fixes cti(T 2 CT 3 and interchanges aia2 with (J 2 cr 3 . Hence oj 
induces the twisting operation 


(cTi(T2cr3, cti(T 2, cr2cr3, a;) 1—>■ ((Ti(T 2CT3, (Ticr2, a;) —: ('ro,ri,r2) ( 17 ) 



Figure 3: The polarity uj acting on T{V). 

on r(P) shown in Figure El the notation used in the figure is explained in more detail 
below. Note that each is an involution, and that Tq and T 2 commute. Furthermore, 

O'! = 0 'i(a 20 ' 3 )^ = (Ti(T 2 CT 3 a;cri(T 2 Cn = T0T2T1T2 = T2T0T1T2, 

<72 = < 7 i = T2T1T2TQT1, 

<73 = <71(7270 = TiTo. 


Hence (tq, Ti, T 2 ) = F(P), and toTi = ctj ^ is of order p. 

Theorem 2 Let V be a properly self-dual chiral A-polytope of type {p,q,p}, let F(P) be 
its extended group, and let A := ( 70 , 71 , 72 ), with 7o, 71,72 as in Then A is the 

automorphism group of a regular 3-polytope M. of type {p, 2 s}, where s is the length of 
the left-Petrie polygons ofV. Moreover, A = F(P). 
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Proof. First observe that 


— {o'iO'2UjY — aia^cTs — a2 ^a2 ^ — a2 ^0'20'3ai — ctscti , 

which is conjugate to ttl '■= cicts and hence is of order s. Then, since the order of a 
duality is even, rir 2 must have order 2 s. 

It remains to verify the intersection condition for A. Suppose that 7 G (tq, ri)n(ri, T 2 ). 
By multiplying 7 by ti if need be, we may assume that 7 = (tiTo)-^ = <73 for some j, so 
that 7 hxes the base vertex Fq of $. We claim that 7 = 6 . Now, since 7 G ( 71 , 72 ) = 
((T 1 CT 2 , ( 72 ( 73 ) K (a;) and 7 G T(V), we also have 

7 = ((71(72 (73) ^((720-3)' = ( c 73(7 i )^((72(73)' 

for some integer k and / = 0,1. If / = 0, then 7 must shift the base vertex Fq k steps along 
a left-Petrie polygon (the image under of the left-Petrie polygon associated with vr^), 
so that necessarily fc = 0; it follows that 7 = e, as required. On the other hand, the case 
I = 1 cannot occur. In fact, when I = 1, the element (( 73 ( 71 )^ = 7 (( 72 ( 73 )“^ also hxes Fq, 
so that again k = 0 and now 7 = ( 72 ( 73 ; but from 7 = cx^ we then obtain (72 = (7^~^, a 
contradiction. 

It follows that A is the group of a regular 3-polytope, which then must be of type 
{p,2s}. □ 

We can also determine the lengths of the Petrie polygons and 2-zigzags of Ad. 

Remark 2 Let V and Ad he as in Theorem n and let t be the length of the right-Petrie 
polygons ofV. Then Ad is of type {p,2s}2t,q; that is, the length of the Petrie polygons of 
Ad is 2t, and the length of the 2-zigzags of Ai is q. 

The proof is straightforward. In fact, 

(7o7i72)^ = = (Tg'Vi 

is conjugate to tir = and hence has order t. On the other hand, since dualities 

have even order, the duality T 0 T 1 T 2 then must have order 2t. Finally, 70 ( 7372 )^ is conjugate 
to (72. 


The diagram shown in Figure 121 exhibits the group F('P) as a quotient of the abstract 
group T^{s,t;p,p) described in jlH Sect. 9D]. As usual, the mark on a branch of the 
diagram is the period of the product of the two generators at its ends. The interior mark, 
t, represents the extra relation 


((7i( 72 ■ (71(72(73 ■ (72(73 ■ (7i(72(73)* — 6, 


which holds in F('P) because of 


(7i( 72 ■ (71(72(73 ■ (72(73 ■ (7i(72(73 


((7 i (72)^(73(7 i ^((71(72(73)^ — (73(73^ — 7^^. 
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Note that the mark t is placed in parentheses to indicate the fact that the other analogous 
products of four generators, with one repeated, will not in general have the same order t 
(see [13 p.320] for more details). 

Example 3 The universal chiral 4-polytope V = {{3, 6 }(i^ 2 ), { 6 , 3 }(i_ 2 )} is properly self¬ 
dual. Its automorphism group, of order 672, is the group of all 2 x 2 matrices of 

determinant ±1 over Z 7 (see [H]). The induced regular map M. is of type {3,16} (more 
exactly, of type {3, 16 ) 28 , 6 ) and has 42 vertices and 224 faces; its automorphism group is 
(Z 7 ) X C 2 of order 1344. The quotient V of V by the central subgroup (±7) (with I 
the identity matrix) of L 2 '^^^(Z 7 ) again has facets {3,6}(i 2 ) and vertex-hgures { 6 , 3 }(i^ 2 )) 
and yields a regular map of type {3,8} with 42 vertices, 112 faces, and automorphism 
group PGL 2 ( 7 ) X C 2 of order 672. The latter has Petrie polygons of length 14, and doubly 
covers (3, 8 ) 7 , the dual of the Petrial of the Klein map (7, 3)8 (see |5]). 

6 Involutory generators for chiral maps 

In the construction of polytopes from those of higher rank we often encounter the question 
whether or not the automorphism group or a certain subgroup is generated by involutions. 
We know that the group of a regular polytope of any rank n is a C-group and comes 
with a distinguished set of generators consisting of involutions. The group of a chiral 
polytope V of rank n > 4 is also generated by involutions (see m p. 496]), although its 
distinguished generators Ci,... ,cr„_i are not involutory; for example, when n = 4, the 
elements 0 'i(j 2 cr 3 , (Ji(T 2 , cr 2 cr 3 are involutory generators. However, this is no longer true for 
rank 3, as shown by the chiral map described in Example 1 (as well as the toroidal maps 
below). On the other hand, many chiral 3-polytopes (see Example 2) do have the desired 
property. In this Section we briefly discuss obstructions for the existence of involutory 
generators for rank 3. 

Let P be a chiral 3-polytope of type {p, q} with group T(V) = (cxi, (T 2 ). Let r := (Ji(T 2 , 
and let 

N{t) := I (p e T{V)) (18) 

(that is, N{t) is the normal closure of r in r('P)). Then r is the “half-turn” about the 
base edge (in $), and since T(V) is edge-transitive, N{t) is the group generated by all 
the half-turns about edges of V. Clearly, since r is an involution, N{t) is generated 
by involutions (although their number may not be hnite if V is inhnite). Now, since 
r('P) = (r, 0 - 2 ) = (cri,r), we have 

T{V) = N(t) ■ ((72) = N(t) ■ (ai) 

(a product of subgroups), where the second factors are cyclic of orders q or p, respectively. 
In particular, T{V)/N{t) is a cyclic group, whose order divides p and q if the latter are 
hnite. 

Lemma 1 Let T be any group, and let N be a normal subgroup of T such that T/N is 
cyclic. IfT is generated by involutions, then N has index 1 or 2 inV. 
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Proof. Suppose that N ^ T. If F is generated by involutions, then so is its quotient 
r/N. A non-trivial cyclic group contains an involution only if it has hnite even order, 
and it is generated by involutions only if its order is 2. This proves the lemma. □ 

The following proposition follows immediately from Lemma ^ applied with T = r{V) 
and N = N{t). 

Proposition 1 Let V be a chiral 3-polytope of type {p, g} with group T{V) = ((Ji,cr 2 ), 
and let N{t) he as in HIM . 

(a) IfVifP) is generated by involutions, then N{t) has index 1 or 2 in T{V). 

(b) //r('P) = N{t) or N{t) k C 2 , then T{V) is generated by involutions. 

The proposition basically says that, if P is a chiral 3-polytope with involutory genera¬ 
tors, then in fact the half-turns about edges provide a “nice” generating set of involutions 
for a subgroup of very small index, at most 2. The second part of Proposition ^ is 
a partial converse of the hrst. Note that, if N{t) has index 2 and p = 2 (mod 4) or 
q = 2 (mod 4), respectively, then T{V) = N{t) x or T{V) = N{t) x in any 

case, r(P) = N{t) x C 2 and hence T(V) is generated by involutions. 

We remark that there is an exact analogue to Proposition ^ for the rotation subgroup 
V^iV) of a regular 3-polytope. The rotation subgroups of regular polytopes of rank at 
least 4 are always generated by involutions. 

We conclude this Section with a brief discussion of the chiral maps on the torus. None 
of these maps {4,4}(6_c), {3,6}(6,c) and {6,3}(b,c) has a group generated by involutions. 

Consider, for example, V := {4,4}(bc)- Then P is a quotient of the regular plane 
tessellation {4,4} with vertex-set I?. Let [4,4]’'' denote the rotation subgroup of (4,4), 
with distinguished generators cti,(T 2 , let T be its translation subgroup generated by the 
translations ti,T 2 by the vectors (1,0) and (0,1), respectively, and let Tq.,c) denote the 
subgroup of T dehned by 

-I (b,c) — Vl p Pi p / • 

Then [4,4]+ = T x (as) ^ tx C 4 and 

[4,4](,,e) := r({4,4}(,,,)) = [4,4]+/T(,,e) = (T/T(,,e)) x C 4 

(see 0 §8.3]); note here that (as) fl T'(b,c) is trivial, so the semi-direct product structure 
is preserved under taking the quotient. But now we can simply appeal to Lemma 0 
applied with T = [4,4](6^c) and N = T/T{iy^c)- It follows that [4,4](6^c) is not generated by 
involutions, since the index of N is 4. 

Similar arguments also apply to the chiral maps {3,6}(6^c). Now we must take 

r,.,;, - (TpVJ.TfV*) 

(see 0 §8.4]). The dual map (6, 3}(ft „) has the same group as {3, 6}(6 ,.), and hence is also 
not generated by involutions. 

Moreover, the same arguments establish that the rotation subgroups for the regular 
torus maps {4,4}(b^c), {3,6}(b,c) and {6,3}(b,c) (with c = 0 or 6 = c) cannot be generated 
by involutions. 
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7 Concluding remarks 

In his 1948 paper [2], Coxeter enumerated the chiral maps on the torus and showed that 
they fall into the three inhnite families of maps of type {4,4}, {3, 6} or {6, 3}. Garbe [HI 
proved that there are no chiral maps on surfaces of genus 2, 3,4, 5 or 6. While there 
are many regular maps known to exist, the occurrence of chiral maps is rather sporadic. 
Several attempts have been made to construct chiral maps, notably by Sherk IZQ and 
Wilson More recently, in P, Conder and Dobcsanyi have enumerated all regular 

and chiral maps on surfaces up to genus 15. However, of the sixteen chiral maps listed, 
only thirteen are in fact abstract polyhedra, that is, their automorphism groups satisfy 
the intersection condition. (Every abstract polyhedron yields a map on a surface, but 
not vice versa. A map may be “too small” to be polytopal. An example is the torus 
map {4,4}(i o), which has a single vertex, two edges and a single face.) The construction 
described in this paper can be used to provide new examples of chiral maps. They all are 
related to improperly self-dual chiral 4-polytopes. Unfortunately, at present, while many 
examples (including inhnite families) of properly self-dual chiral 4-polytopes are known 
(see, for example, nsi), not many examples of improperly self-dual chiral 4-polytopes can 
be found in the literature. 

We are grateful to Barry Monson for his help in verifying the existence of certain 
polytopes using computer enumerations. We also thank the anonymous referee for a 
number of helpful comments. 
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